Abstract. We classify those nite simple groups whose Brauer graph (or decomposition matrix) has a p-block with defect 0, completing an investigation of many authors. The only nite simple groups whose defect zero p?blocks remained unclassied were the alternating groups An. Here we show that these all have a p-block with defect 0 for every prime p 5. This follows from proving the same result for every symmetric group Sn, which in turn follows as a consequence of the t-core partition conjecture, that every non-negative integer possesses at least one t-core partition, for any t 4. For t 17, we reduce this problem to Lagrange's Theorem that every non-negative integer can be written as the sum of four squares. The only case with t < 17, that was not covered in previous work, was the case t = 13. This we prove with a very di erent argument, by interpreting the generating function for t-core partitions in terms of modular forms, and then controlling the size of the coe cients using Deligne's Theorem (n ee the Weil Conjectures).
Introduction
An ordinary representation of a group G of degree n is a group homomorphism from G to Gl n (C); the group of invertible n n matrices with complex coe cients. Such a representation may be viewed as a homomorphism from G to the group of isomorphisms of an n?dimensional complex vector space V to itself. An irreducible representation is an ordinary representation which does not have a non-trivial stable subspace; and, in a nite group G, the equivalence classes of such representations are in 1-1 correspondance with the conjugacy classes of G. In the symmetric group S n , a conjugacy class is the set of permutations with a given cycle structure, and so they are in a natural 1-1 correspondance with the set of partitions of n (a partition of n is a non-increasing sequence of positive integers whose sum is n). Thus the number of irreducible representations of S n equals p(n), the number of partitions of n; which Hardy and Ramanujan showed is 
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(where 1 2 k ), Young constructed a set of matrices for the representation of S n attached to ] (which we also denote by ]) by examining the action of S n on Young tableaux, combinatorial objects constructed from the Ferrers-Young diagram of ]. The Ferrers-Young diagram of a partition ] of n is an array of nodes with k nodes in the k th row. We assign numbers to the rows and columns, and coordinates to the nodes, just as we do for a matrix. The (i; j) hook is the set of nodes directly below, together with the set of nodes directly to the right of, the (i; j) node, as well as the (i; j) node itself (that is, the nodes (i; k) with k j together with the nodes (k; j) with k i). The hook number, denoted by H(i; j), is the total number of nodes on the (i; j) hook. A t-core partition of n is a partition of n in which none of the hook numbers are divisible by t.
Example. The Ferrers-Young diagram of the partition 4 + 3 + 1 of 8 is 1 2 3 4 1 (1;1) (1;2) (1;3) (1;4) 2 (2;1) (2;2) (2;3) 3 (3;1) The hooks at (1; 1); (1; 2); (1;3); (1; 4);(2; 1); (2;2); (2;3);(3; 1); have hook numbers 6; 4; 3; 1; 4;2;1;1, respectively. Therefore the partition 4 + 3 + 1 of 8 is a t-core partition for t = 5 and for all t 7.
The Young tableaux of ] are given by the n! di erent ways of assigning the numbers 1 through n to the nodes of the Ferrers-Young diagram, each node getting a di erent number. A standard tableaux is one where the numbers are increasing as one goes right or down (that is, the (i; j) entry is less than or equal to the (I; J) entry whenever i I and j J). Young showed how to formulate the properties of a given representation ] of S n , in terms of certain d-by-d matrices of rational numbers, one for each element of S n , which he constructed from the combinatorial properties of the set of standard tableaux (here d is the number of standard tableaux for ]). See Appendix I for further details.
It turns out that the hooks of ] are intimately connected with the structure of the associated representation. In fact the degree d of the representation (which equals the number of standard tableaux) is given by the Frame-Thrall-Robinson hook formula 10,6.1.19]:
(1) d = n! Q i;j H(i; j) : Although Young's matrices for the representation ] of S n have rational entries, there is a change of basis under which all of the matrices have integer entries 19, 12.13]; hence we may reduce these entries modulo a given prime p to obtain the corresponding p-modular representation ]. Under this reduction, the characteristic 0 representations of S n form equivalence classes, known as p-blocks. Let 1 ; 2 ; : : : p(n) denote the ordinary irreducible representations of S n . The Brauer graph is constructed by associating a node to each such representation, and then connecting two nodes i and j by an edge if and only if the reductions of i and j mod p contain a common p-modularly irreducible constituent. The p?blocks are the connected components of the Brauer graph (see 9] for p?block theory via characters).
Of special interest are those p-blocks which consist of a single characteristic 0 representation (that is, the corresponding vertex in the Brauer graph is isolated); these are the p-blocks with defect zero. Brauer's Problem 19, one of many conjectures and problems posed in 3], asks for a description of the number of defect zero p-blocks for a nite group in terms of its invariants. In 20], Robinson solved this problem; however it is di cult to determine his invariants for many groups. Since nite simple groups were classi ed, there has been some interest in classifying all simple groups with defect zero p?blocks. For example, using the methods of Deligne and Lustzig, Michler 14] and Willems 23] proved that every nite simple group of Lie type possesses a defect zero p?block, for every prime p. However it turns out that some nite simple groups do not have a defect zero p-block for certain primes p: for example almost all alternating groups A n have neither defect zero 2-blocks nor defect zero 3?blocks (see corollary 2 below for details).
From the theory of modular representations of nite groups, we know 10,6.1.18] that an ordinary irreducible representation of a nite group G is p-modularly irreducible and has defect zero if and only if the power of p dividing the degree of the representation is equal to the power of p dividing jGj. By the Frame-ThrallRobinson hook formula (1), this can only happen for a representation of S n if it is associated to a p-core partition of n. Moreover if ] is a p?core partition of n; then the restriction of its associated representation to A n (which may be a reducible representation) has the property that all of its irreducible components form their own defect zero p?blocks 10,6.1.46]. Thus a zero defect p-block for S n implies the existence of a zero defect p-block for A n . We have thus explained the following well-known result: Proposition 1. Every p-core partition of n corresponds to a di erent defect zero p-block in S n , which itself implies the existence of a defect zero p-block in A n .
In fact more is known: If p > 2 then A n has a defect zero p?block if and only if S n has one (for p = 2 the situation is a little more complicated).
Let c t (n) be the number of t-core partitions of n. Garvan, Kim and Stanton 6] proved that c t (n) equals the number of integer representations of n by the quadratic form For example, for t = 2 this corresponds to the number of integer solutions x 1 to n = 2x 2 1 +x 1 . Thus c 2 (n) = 0 for almost all integers n, and so S n has no defect zero 2-blocks for almost all n. By the last proposition we know that A n has a defect zero 2 ? block if S n has one. However if n = 2m 2 + m + 2 for some integer m; then A n does have a defect zero 2?block even though S n does not. In these cases there are 2?blocks for S n , consisting of two representations each of whose restrictions to A n form their own defect zero 2?block for A n . However if n 6 = 2m 2 ? :
3 is the Legendre symbol; and is therefore 0 if and only if there exists a prime p 2 (mod 3) such the exact power of p dividing 3n+1 is odd. By elementary sieve theory we thus see that there are N= p logN integers n N for which c 3 (n) is non-zero. Therefore A n has no defect zero 3-blocks for almost all n.
Garvan, Olsson, Stanton and many others have speculated that c p (n) > 0 for all integers n 0, whenever prime p 5. From Proposition 1 this then implies that every symmetric group S n and every alternating group A n has a p?block with defect zero, for each prime p 5. In fact, it has even been conjectured that c t (n) > 0 for all integers t > 3, the so-called t-core partition conjecture. However since c kt (n) c t (n) whenever k is a positive integer, it follows that the t-core partition conjecture may be deduced by showing that c t (n) > 0 for all integers n 0, for all primes t 5, as well as for t = 4; 6 and 9.
The result was proved for p = 5 and p = 7 by Erdmann and Michler 4] using abaci'; and from exact formulae for c 5 (n) and c 7 (n) in 6]. The second author 17,18] proved the result for 4 t 11, using the theories of quadratic and modular forms. In this paper we complete the proof of the t-core partition conjecture: Theorem 1. Every non-negative integer n has at least one t-core partition, provided t 4. Corollary 1. For any positive integer n and any prime p 5, the symmetric group S n and the alternating group A n have a p?block with defect 0.
We are thus able to complete the classi cation of defect zero p?blocks in nite simple groups (using the main classi cation theorem G has no 3-block of defect 0 if it is isomorphic to Suz; C3, or A n with 3n+1 = m 2 r where r is squarefree and divisible by some prime q 2 mod 3.
See Appendix II for a brief description of how these groups arise.
In section 4 we investigate congruence properties of c p (n); the number of p?blocks with defect 0 for S n : In addition to verifying certain multiplicative congruences for c p (n) where 5 p 23, conjectured in 7], we prove: Theorem 2. For any prime p and positive integer m, in almost all symmetric groups S n , the number of p?blocks with defect 0 is a multiple of m: If p is any prime, then the number of p?modularly irreducible representations of S n is almost always a multiple of p:
By contrast, p(n) mod m (where p(n) is the number of irreducible representations of S n ) is believed to follow no simple patterns, except in the special arithmetic progressions found by Ramanujan 2] .
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2. The t?core conjecture for t 17 In this section we prove the conjecture for t 17: The idea behind the proof is to use the freedom available in choosing so many variables in (2) to reduce the problem to an application of Lagrange's Theorem, that every non-negative integer is representable as a sum of four squares. To begin with though we show that all small' n can be represented as in (2) . Lemma 1. Every integer n t 2 =4 may be represented by (2) with each x i = ?1; 0 or 1.
Proof. For any xed integer k t=2, we let x t?k = x t?(k?1) = = x t?1 = ?1, and for a given I f0; 1; 2; : ::; t?k?1g of size k, we let x i = 1 if i 2 I, and x i = 0 otherwise. Then the integer given by (2) is ? k+1 2 + P i2I i.
We claim that, for any given k m+1, and integer r 2 h ? k 2 ; km ? ? k 2 i
, there is a subset I of f0; 1; 2; : ::; mg with P i2I i = r. We prove this by induction on r: it is certainly true for r = ? k 2 by taking I = f0; 1; 2; : ::; k ? 1g. Assume that it is true for r ? 1, that is we have P j2J j = r ? 1. Now select the largest j 2 J with j m for which j + 1 6 2 J. Evidently such a j exists (unless J = fm + 1 ? k; : : :; mg, in which case r > km ?
? k 2 ), so let I be the set J with j replaced by j + 1, and then P i2I i = 1 + P j2J j = r. Thus above we see that every integer in
is so represented by (2) . Taking the union of these intervals for 0 k t=2 gives the result. We will prove Proposition 2. Any integer n 3t+9 may be represented by (2) (2) Therefore we can represent every integer N t+3 by (4), and thus every integer n 3t + 9 by (2).
Remark: In the proof above we picked x i = 0; 1 or ?1 for all i 6 2 2; 9] 11+J; 13+J].
If instead we let these x i be in the same residue class mod 3t as before, but now allow them to be any integer satisfying jx i j p n t for i 1, with x 0 chosen so that the sum of these integers is 0, then we can pick x j for j 2 2; 9] 11 + J; 13 + J] in an analogous way to before. We have thus proved that the number of t-core partitions of an integer n is > p n 2t t?13 for t > 13. MODULAR REPRESENTATIONS 7 3. The t?core conjecture for t 16 As noted in the introduction, the t-core conjecture holds for any multiple of t once it has been proved for t. Therefore it su ces to prove the t-core conjecture for t = 4; 6; 9 and any prime 5, since any integer 4 must be divisible by one of these numbers. Given Theorem 3, it only remains to prove the conjecture for t = 4; 5; 6; 7; 9;11 and 13. All these cases have been handled in previous work except for t = 13. We brie y summarize the techniques that have been used:
For t = 4 one can use (2) to show that c 4 (n) is the number of integer solutions x; y; z of 8n + 5 = x 2 + 2y 2 + 2z 2 (see 17]); and this is always > 0 by the work of Gauss.
For t = 6 one can factor the generating function (3) into a product of two formal power series: The rst is the generating function for the number of representations of an integer as the sum of three triangular numbers, and the second has all nonnegative coe cients with leading term 1. Thus c 6 (n) > 0 since Gauss's Eureka theorem asserts that every non-negative integer can be represented as the sum of three triangular numbers.
Similarly for t = 9 we factor the generating function (3) into a product of two formal power series, the rst of which is a power of an Eisenstein series, that we prove has all positive coe cients, and the second of which has all non-negative coe cients with leading term 1. This forces all the coe cients of the resulting product to be positive.
For prime values of t we can prove the result by explicitly computing the generating function (3) as the sum of an Eisenstein series and a cusp form. This was done for t = 11 in 17], and we shall do it for t = 13 here. We begin by recalling various de nitions and facts from the theory of modular forms:
Let H be the upper half of the complex plane and let SL 2 (that is, we divide out to make the leading coe cient 1). With this normalization we obtain, for every prime p, where (n) denotes the total number of prime divisors of n, counting multiplicity. Proof. Since a(n) is a multiplicative function we need only prove the result for n = p r , the powers of a xed prime p. Now de ne u r = ja(p r )=p r(k?1) 2 j, so that (7) implies u r 2u r?1 +u r?2 for any r 2, with u 0 = 1 and u 1 2 (by the comments above). By an induction hypothesis we immediately deduce that u r (1 + p 2) r for all r, and the proposition follows.
Dedekind's ?function, de ned by the in nite product p . He proves that 1= p is always an integer 1 , using a result of Dokshitzer on the denominators of values of Bernoulli polynomials.
In the special case p = 3 we replace z by 3z so that the quotient of eta-functions is an Eisenstein series; in fact a modular form belonging to M 1 (9; ? ?3 n ), with Fourier As mentioned above, Almkvist 1] has now determined the value of p explicitly for all primes p. This gives us some hope of nding an explicit upper bound for each c i in the proof above, which would lead to an explicit version of Theorem 4. However we do not yet know how to do this, and have to work hard to even completely solve the case p = 13. What we will do is to ll out the steps of the above proof explicitly, using Maple, so as to determine the actual values of the c i .
Theorem 5. Every non-negative integer has at least one 13-core partition. Actually n has more than (n=10) 5 such partitions. Proof. By (9) we have ? 13 ). This space of cusp forms has dimension 6, and Garvan 6] proved that it has the basis,
Now it is well known that Eisenstein series lie in the orthogonal complement to the cusp forms, in the space of modular forms, and so E 13 (z) and the b i (z) are linearly independent. Therefore in order to write f(z) = 13 P i i b i (z) above, and to determine 13 , we equate the rst seven terms of the Fourier expansions of both sides of (10) and so the rst few Fourier coe cients are easily determined. We can compute E 13 (z) from the de nition given: E 13 (z) = q + 31q 2 + 244q 3 + 993q 4 + 3124q 5 + 7564q 6 + 16806q 7 + : : : ? 13 ) has a basis of newforms, which we can determine by computing the action of the Hecke operator T 2 on our chosen basis vectors. Speci cally we know that b i (z)jT 2 From the proof of Theorem 4, we need (n + 7) 5=2?ln(1+ p 2)= ln 2 190 which is true for n 65. The result may be veri ed for n 64 by explicit computation. By combining Theorems 3 and 5, we obtain Theorem 1. 4 . Congruence properties for the number of defect zero p?blocks There has been much interest in congruence properties of p(n) since Ramanujan rst conjectured the residue of p(n) modulo powers of 5,7, and 11, for certain values of n. It is now believed that, besides these very special congruences, there are no other moduli m for which p(n) behaves in a predictable way modulo m. However for c p (n) we will nd many congruence properties which follow from the theory of modular forms as developed by Deligne, Serre and Sturm.
Considering c t (n) where t is a power of 5; 7, or 11, we obtain congruences modulo powers of 5,7, and 11 which are equivalent to the Ramanujan congruences for p(n):
For p prime, b p (n) is the number of p?modularly irreducible representations of S n 10,6. 
